ABSTRACT
Introduction
There is little doubt of just how important it is that students attending basic education classes develop cognitive structures in the area of mathematics, structures that provide them with the basis needed to successfully meet the academic demands of the next school system level. Hence development of software for basic education in mathematics becomes just as significant in the current Mexican context because incursion of computers into that educational level raises the need to analyze which pedagogical strategies recommended by Mexican researchers to teach the concepts of ratio and proportion can be incorporated into an educational software system, and precisely how that should be done.
Consequently the authors of this article have focused their attention on supporting the task of building the notions of ratio and proportion. And in doing so, they have developed a computer system that uses technology to carry out interactive activities.
In this article, the authors introduce a teaching proposal developed in a computer system with interactive activities that make use of technology. The design of the proposal activities was based on a prior study undertaken by Ruiz, [1] with students who course six grade of primary school and that deals with the topics of ratio and proportion. These topics were selected in view of the fact that their instruction is begun in primary school and that they serve as the basis for subsequent concepts, such as those of direct proportional variation or linear function.
Portrayal of the Problem
To identify whether the ratio and proportion teaching activities designed through a computer system enable the 11 year-old student to build notions or ratio and proportion, developing said student's qualitative proportional thought and aiding him/her to recover the sense of his qualitative proportional thought.
Qualitative proportional thought is supported by linguistic recognition, creating comparison categories such as large or small. Qualitative thought also includes things intuitive that are based on experience and that are empirical, and things perceptual that are supported by the senses.
Qualitative proportional thought refers to activities that enable students to count measure and employ quantities in procedures.
figures), the relation between the weights and length of arms on a scale, probabilities, etc. [3] , also states, based on his experiments, that children acquire their qualitative identity before their quantitative conservation, and further distinguishes between qualitative comparisons and true quantification.
In fact for Piaget the notion of proportion always begins qualitatively and logically prior to being structured from a quantitative standpoint. He stresses that in order for a student to develop his / her qualitative proportional thought that student must necessarily begin with the notions of enlargement and reduction, following the idea of a photocopier or scale drawing, assuming that at a very early age the student is able to recognize what is proportional.
According to Piaget and Inhelder [3] after the student develops his / her perceptual ability, an ordering takes place by way of comparisons, which can be seen when students use phrases the likes of "larger than…" and "smaller than…" and which are known as verbal categories. In this sense Piaget says that during the transition from things qualitative to things quantitative, the idea of order appears without a quantity having yet emerged, an event that Piaget calls intensive quantifications.
Subsequently when students use measurements to make comparisons they first confront parts of the object and superimpose one figure on top of another and afterward use a measuring instrument, be that a conventional instrument or not. Freudenthal [4] states that comparisons make it possible to measure and measurement is shown by way of two modes: direct and indirect. The direct mode of comparing is when an object is superimposed onto another object, while the indirect mode is when there are two objects (A and B) and a third element to compare (C).
With respect to the emphasis that should be placed on early education of ratio and proportion, Streefland [5] [6] [7] , states that the point of departure should be qualitative levels of ratio and proportion recognition and that use should be made of didactic resources that foster development of perceptual patterns in support of the corresponding quantification processes.
The didactics of mathematics are referred to as an essential activity in teaching ratio and proportion, as is the importance of didactic tools developed by the designer. Freudenthal's Didactic Phenomenology [4] is particularly mentioned, together with other background considered in order to attain a realistic building of mathematics.
Freudenthal indicates that comprehension of ratio can be guided and deepened by way of visualizations. He moreover states that such visualizations can be illustrated by way of detailed constructions in which the drawings are differentiated and in which the drawings depict which points of the original and image actually coincide. An example of the foregoing is in two contiguous figures one of which is an enlargement or reduction of the other, and in which the same linear ratio can be established in each segment of the figure. Freudenthal suggests that when working with the ratio of longitudes, flat figures is used as a means of representation because of their global expressiveness, in the sense that a student's qualitative and quantitative comprehension is facilitated by visual perception.
Ruiz and Valdemoros [8] found that the students she worked with presented different difficulties, specified as: a) The students' qualitative thought dealing with proportionality has not been exploited to the utmost, which was observed when they demonstrated that they were centered on one of the dimensions of the figures they had been asked to reduce or expand; b) In some students, things qualitative are barely raised as an introduction to things quantitative, given that in the linguistic categories detected among them, one found the following: "it is larger than…", "it is smaller than…", which reflects a certain understanding of proportion; yet among these same students one did not find other categories through which they showed a greater understanding of the idea of proportion; c) They appeared confused when establishing relations between quantities, which is why is became necessary to emphasize that in order to reach the notion of ratio.
Technological Elements
Lim [9] , states that technology makes it possible for teachers to be more flexible thus enabling them to address the different needs of students with varying levels of capabilities -all of whom may be sharing one single classroom-by using software that can be adapted to the teaching and to the particular conditions of each student or group. Technology makes it possible for teachers to divide their groups of students into teams and to work with each one at their own pace. What is more, technology can make it possible for the students to determine the pace at which they feel comfortable working.
Some research has been undertaken for the purpose of finding out if usage of a Web-based environment benefits learning. The study carried out by Galbraith and Haines [10] shows that students who use a computer in their daily mathematics learning enjoy mathematics. They like the flexibility provided by the computer and spend a great deal of time at the computer to complete a task, and enjoy trying out new ideas. The researchers also concluded that Web-based applications increase levels of confidence, motivation and interaction.
Nguyen and Kulm [11] 
Methodology
Under this heading the authors of this article have included the subjects with whom work was undertaken, the elements of the computer system used to carry out didactic activities and the didactic activities themselves.
Subjects
The research was carried out with a sample of 29 students all in the same grade six class of a primary school in Mexico City, to whom the activities designed were applied.
Sequence of activities and their presentation in the computer system
Taken into account in the task of designing the sequence of activities are the didactic actions specified in the theoretical framework, the computer activities, as well as the theoretical elements entailed in the concepts of ratio and proportion. Activity 1. Choose the reduced or enlarged figure of the figure provided, by way of visualization.
This activity is based on ideas of "reduction" and "enlargement" supported by models of the scale and photocopier drawings-type experiment, using things perceptual and observation.
This was used as the point of departure in view of that indicated by Piaget, [12], Streefland, [5] [6] [7] and Ruiz y Valdemoros [8] , regarding the point that early instruction on ratio and proportion needs to begin with qualitative levels of that learning, which is why activities that do not require use of quantities for solution of the activities are first used. Consideration has furthermore been given to Freudenthal's points that deal with guiding and deepening comprehension of ratio through visualizations.
By the same token the figures designed in the computer system relate to the knowledge possessed by 11 year old children, to whom the figures are aimed. Examples of the foregoing could be a boat, a bus, a star, a dog, albeit all drawn in straight line segments.
How the concepts appear in the computer system Shown are four similar figures, all of which have small differences. One of the four figures is also depicted in a double or triple linear amplification or reduced by half or to a third of the linear size. The user is asked to choose among the four figures and find the figure that is a reduced version of the original. (See Figure 1) . After having chosen one of the figures, the choice is then analyzed and an answer is immediately provided bearing the result of the analysis. The user is asked if he / she wants to try again, the answer is received and, depending on that answer, the exercise is either restarted or work is continued with the next exercise.
Activity 2. Choose the figure that is a reduction of amplification of the figure provided, by way of comparison.
Case 1 Superimpose one figure over another Superimposition of one figure on top of another enables subjects to recognize relations of similarity among the figures in intuitive terms.
The action of comparing figures is the beginning of measurement, yet without using a conventional instrument since it is achieved by superimposing the figures just as specified by Freudenthal, 1983 .
How the activity appears in the computer system? The student has the option of using his / her mouse to drag any of the four figures in order to place the figure on top of the original and review the result, by way of visualization, to see if the figure is an enlargement or reduction on all sides by the same amount. See Figure 2 .
Case 2 Use of a grid
The transition from qualitative to quantitative proportional thought is achieved by using the grid [1] Counting is used and the measurement unit is one side of a square in the grid in which the figures are portrayed.
The result of the process of counting the sides of the figures is used in order to establish quotient relations with the results obtained, that is to say ratios. This is also done for the purpose of establishing relations of equivalence between two ratios or proportions.
How the activity appears in the computer system The student is presented with a figure on a grid, as well as another empty grid in which he / she can draw and use the grid itself as a means of support. The student is asked to draw the figure at double or half or one third, etc., of its original size (See Figure 2) . The drawing in the first grid is a means of support, used to compare with the drawing done by the student. The student is told whether his / her answer is correct and asked if he / she wants to repeat the exercise, and the student decides if he / she wants to repeat the exercise or go on to the next one. The table was used as a means of representation in order to determine internal and external ratios Freudenthal [4] . The students work with proportional variation problems and obtainment of the quantities is not only achieved through use of the operator, but also by establishing relations among ratios.
Activity 3. Use of the table
Finally, work was done on equivalence relations as a proportionality relation.
Outcomes of the didactic activities Activity 1. Choose the figure using visualization Eleven of 29 students used observation to choose the reduced figure. Whereas the remaining 18 decided to compare the figures by superimposing one figure over the others. They used the mouse to drag the figure to see if it was, from the side or width, double, half or one third of the original. All of this was commented upon during the session; and furthermore coincides with Freudenthal [4] . If the figure in question was a circumference, the students compared the radii or the diameters. Consequently all of the students were able to determine that the answer was the reduced figure, and each student decided for him / herself whether to drag the figure and superimpose it over the other figure in order to compare them. This student reaction is similar to comments made by Combs [12] .
Activity 2. Grid
Of the entire group of 29 students, 23 were able to draw correctly on the grid figures that were similar to those presented to them. The remaining 6 students made two to three attempts before they were successful with the task. The computer system was extremely useful in that it presents the student with the option of working with different figures, thus making for work that is not mechanical. What is more, students are given the opportunity to discover what is taking place.
The work reached the level of recognition of ratios as a comparison by quotient of two quantities. The group worked on notation of ratios in the form of a / b fractions, in which b is a different from 0. Activity 3. Use of the table Once again of the entire group of 29, 20 students were able to fill in the table correctly. They accomplished this by deciphering the unit value, in the event that it was not provided, while others established ratios by reading them from the table and writing them down in the form of fractions. All students used the calculator, first determining the operations that had to be undertaken; for instance, in Figure 3 , reference is made to the case of Luis.
When faced with the activity, this is what Luis did: In the case of Luis, one can see that he establishes relations between two variables, the milk and the chocolate bars. In Freudenthal terms, these are external ratios.
Manuel is another case: What Manual expressed when solving the activity can be seen in Figure 4 .
Manuel was asked to provide a conclusion, as follows: There is indeed food for thought in Manuel's work. Before asking him to provide a conclusion, Manuel had already established relations among the data in one of the columns, the liters of milk column. Freudenthal refers to this as internal ratios.
Usage of the table enabled the students to establish relations between magnitudes of figures, to the point of establishing both internal and external ratios (as per their definition by Freudenthal). Lastly the students were in-"I saw that 3 fits 2 times into 6, so for deed able to use the different representation registersdrawing, table and things numerical-when they were solving ratio and proportion problems. One is therefore led to point out that work with these interactive activities enabled the students to build the concepts of ratio and proportion, investing them with meaning and sense, rather than just using the algorithm to work on the topics. This is indeed similar to the findings obtained in the studies by Galbraith 
Conclusions
According to the findings obtained we are in a position to state that the activities designed to support students in the task of consolidating the concepts of ratio and proportion were adequate given that the students demonstrated a great deal of interest when working with the computer system and worked independently to solve the problems. Their teacher did not have to instruct the students to compare one figure with another in order to determine which one was the reduction, rather the students developed that ability thanks to the activities proposed in the system. The foregoing leads one to infer that the students were able to develop both their qualitative and quantitative proportional thought; they showed a good deal of freedom in dragging the mouse, using the grid and filling in the table, activities for which there was no need for their teacher to give them instructions. Working in this manner moreover enabled the students to develop visually and perceptually, in other words they were able to further develop aspects that constitute their qualitative proportional thought.
Use of the table made it possible for the students to establish relations among figure magnitudes, establishing internal and external ratios (as defined by Freudenthal). Finally the students were able to use the different registers of representation (the drawing, the table and things numerical) when solving ratio and proportion problems, which enables the authors of this article to point out that working with interactive activities made it possible for the students to build the concepts of ratio and proportion, and imbue those concepts with meaning and sense rather than simply using the algorithm to work on the topics. This is quite similar to the findings obtained in the studies undertaken by Galbraith, P. and Haines, C., Nguyen and Kulm, (Combs, and (Engelbrecht and Harding, The computer system made it possible for the students using it to develop skills that were not developed by all of the other students in their group using pencil and paper and the blackboard.
